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1, INTRODUCTION

When a center-iriven dipole antenna is placed parallel to a conducting
or dielectric half-space at a height d above it, distributions of current and
charge are induced in it that interact with the currents and charges in the
antenna and combine with these to generate the electromagnetic field. The
calculation of the interaction is difficult except when the half-space is
perfectly conducting. in this case the effect of the distributions of cur-
rent and charge on the conducting surface is precisely thar of the equal and
opposite currents and charges in a fictitious "image'" antenna located at a
distance d below the surface. It replaces the entire half-space and reduces
the determination of currents, charges and electromagnetic fields to that of
two identical parallel antennas separated by a distance 2d and driven by
equal and opposite generators. When ZkOd << 1, the antenna and its image
constitute a two wire transmission line with currents and driving-point ad-
mittance that are determined primarily by the impedance and capacitance per
unit length of the line and affected only negligibly by radiation. This is
true of the several circuits shown in Fig, 1: the center-driven line with
open ends shown in Fig. la; the line terminated at each end in an arbitrary

shunt impedance ZL/2, where 72, may be the characteristic impedance of the

line, as in Fig. 1b; or the 1§ne with a series impedance ZLIZ 3t a quarter
wavelength from the open end as in Fig, lc., In each case the imapge conduc-
tors and impedances are shown in brokenr lines. Note that the circuits of

Figs. 1b and lc are equivalent insofar as the current and driving-point ad-

mittance of the main line between the impedances ZL/Z are concerned,

When the half-space below the center~driven Jdipole is not perfectly con-
ducting but consists of a material like the earth, the sea or a fresh water
lake, conduction or polarization currents or both of these may be induced.
However, they are not confined to a thin surface layer but penetrate more or
leas deeply into the medium. Their effect on the current in the antenna and
their contribution to the electrcmagnetic field are not easily determined.

In the treatment of antennas parallel to the earth it has been common prac-
tice to assume the distribution of current toc be known and to be substantial-
ly that for the same antennas when isolated [1]. This implicitly also takes
for granted that the wave number for the current on the highly conducting an-

tenna is the same as that for the isolated antenna, which is the free-space

vave number ko » wfc where ¢ is the velocity of ligit, Perhaps the most im-
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portant antenna of this typs is the Beverage antenna which consists of a wire
parallel to and clowe to the earth terminated in a manner to provide a trave
eling wave of cusrent. This antenna was first described by Beverage [2]. It
has been discussed by numerous authors primarily as a directional receiving
antenna [3]~{6). In general, a ~imple traveling wave with the free-space
wave number has been assumed and the dependence of the wave number and of the
distribution of current on the properties of the adjacent half-space has not
been determined. Wait [7] derived a modal equation for the wave number for
an assumed traveling wave along an infinitely long wire parzllel to a dissi-
pative half-space, but concluded that its solution in the general case is a
"formidable task” and that "in spite of the funiamental rature of the problem,
there has not been a great deal of progress in obtaining useful results.”
Even in the limiting transmission-line form, Wait expresses his final formula

for the wave number in terms of an unevaluate<d intepral.

2, REVIEW OF SOLUTION FOR CURRENT IN ECCENTRICALLY INSULATED ANTENNAS

In a recent paper [8] a new solution was derived for the current in and
the admittance of a center-dériven insulated dipole when immersed in an ambi-
ent medium with a characteristic complex wave number much greater in magni-
tude than that of the insulating material. This theory was verified by very
extensive measurements of distributions of current and charge along air-
insulated antennas immersed in a large lake [9]. The theory of the insulated
antenna has now been generalized to include eccentric insulaters [10]. That
is, the antenna is not located along the axis of the circular cylinder of in~
sulation but is displaced by an arbirrary distance D. The cross section of
an eccentrically insulated antenna is shown in Fip, 2. The radius of the in-
sulation is b, that of the conductor is a. The axis of the conductor is at a
distance D from the axis of the insulator cor a distance d = b - D from its
surface. The wave number characteristic of the insulating material im the
range a < r < b is k2 = 82 + iaz = w{u(cz + io?/w)]llz = m(uiz)l/z; the wave
number characteristic of the ambient medium in the range b < r < = is k4 =
84 + 134 = w[u(sa + icalw)}liz = m(u54)1/2

stant, 3, the real attenuation censtant. It is assumed in the analysis that

”~

where 8 is the real phase con~

the following two conditions are satisfied:

ik, | >> §k2| 3 gkzd{ << 1 (1)
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FIG. 2 CROSS SECTION OF ECCENTRICALLY iNSULATED
ANTENNA




Subject to these conditions the distribution of current along the eccentri-
cally insulated dipole of half length h is

1VE sin k (h - |z])
ey = o ky,

22 cos k., h @)
c L
where a time dependence exp(-iwt) has been assumed and
7 = kLQa - CZkLQa (3)
c an52 2wk2
Ao 1/2
A [1 * Tk&'b')'n—] =Bt ey @
a
2 2 2
-1fa " +b -D
na cosh (——--§;g—-—— ) (5)
1D (1 b) = /Dx, \m B (k,b)
0 4 0 m 4
0 i Ty z1 o2 /| B ©
p by o= 1 (g
-~ \1/2
The complex wave impedance of region 2 is g, = (u/ez)
pression,

. In the last ex-
1

I aem

2 2 2 ‘/ 2 2 2,2
X = 355 (bB" + D" -a") - Yy "+ 0" -« a")" - 4b

2D2

)]

This locates an infinitely thin wire as shown in Fig, 2.

The driving-poiant admittance is

. - 10 i
Y= G- 1B = Sy = g tan lgh

(8)

This 18 the admittance of two open-ended sections of transmission line with

characteristic impedance Z, and complex wave number kL in series with two

genarators each with driving voltage vg/z at z = 0 as indicated in Fig, 3.




el I 2d

kL7 zC Vg/z

FIG. 3 TWO OPEN-ENDED SECTIONS OF LINE EACH OF LENGTH
h IN SERIES WITH TWO GENERATORS WiTH EMF's

V§r2.
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3. THE COMPLEX WAVE NUMBER FOR THE ANTENNA NEAR A PLANE EARTH

The wave number for the antenna eccentrically placed in a circular cyl-
inder of radius b is given by (4). In order to obtain its value in the limit
b+» D+owithd=b -~ D fixed and finite, it 18 necessary to determine Qa

and AO” The former is readily done. Thus,

2
_ o -1fa® + d® + D) “1d,, 2d ,
@ = cosh { 5ok ] + cosh™™ — & 2n 9)

where the logarithmic approximation is valid when a2 << dz. The evaluation

of 4, is more difficult. As a first step, note that with @)

1 2 2 2 1 an=h -
X * 35 [b"+ D" ~b"+D']=D=b ~d (10)
so that (6) becomes
1 (i, b) w 2m 841 (i, 1)
0 4 b-d m 4
1 Y% e L4
or, in a form more convenient for later use,
(1) - (1)
Ho (kab) b -d -2 b - d 2m Hm-l(kdb)
8y = Um| —ps——— + 2{ 255 ) = D
bee Hl (kab) m=2 Hm (kab)
D=
(1)
© 2m H 75 (k,b)
= lim 1+ 2 Z(b;d> ‘2‘3 4 (12)
b m=2 Hm (k4b)
Do

It is not permissible to take the limit b + = before the evaluation of the
sum, since this involves m + », This means that the familiar asymptotic
forms for the Hankel functions of large argument cannot be used for m > lkabi
since they are derived on tha assumption that the order 1s small compared to
the argument, They have been used for crders 0 and 1. What is required is
an expression for the Hankel functions that is valid for both large orders
and large arguments, Such a form may be obtained with the recurrence rela-

tion
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zHéxl)'(z) + m}!:‘l) (z) = zlllf:;(z) (13)

which yields

(1) !
Hxﬂ-l(z) Hm (z) m d
+ - =
z dz

) m
- (i ()] + 2 (14)
1@ w2 " *

where the prime denotes the derivative with respect to the argument. The

following results are obtained with formulas given in Bateman (11, p. 86]:

Lod o, D)o d 1, 2 2 2 2.1/2 -1
z>m o= En[Hm (z)] i [ 7 tn(z” - m") + 1i(z m") + im sin (m/2)]
(15)
. d (1) i 1 2 2, _ 2 2.1/2 ~1 1
z <m = ln[}lm (2)] iz {~ 3 2n(w z7) (m z7) + m cosh (m/z)]
(16)
When the differentiation is carried out,
4 1) 1 22 2 mz
z>m:a-z—2n[li (z)]*-z2 2+i -1
n z° - m 7 2 72
z' -m zVz% = m
2 34,2 2 (17)
z
d (1) 1 2 2
z<m — B (z)] = = Z— 4 z - m
dz . bt o g2 7 2 7 2
\/m -2 z\/m -z
= _% m2 - zz (18)

In each of these expressions the first term is neglected in the final form
since it is small when the inequalities on the left are considered. The sub-
stitution of these results in (14) yields:

1L (k) me 1Y ()% - o’

k,b > m: (19)
4 ) k,b

H " (k, b) 4

#D e n- Yl - »)?
klgb < m: = T (20)

§9) =
Hm (kl‘b) 4




With (19) and (20), (12) becomes:

klob (b - d )Zm m + iV(kl‘b)2 - m2
b

=lm{i+2 )
b =2 klob
Do -

%

- m|m- - (kp)’
+2)_'(b'd) T
kb b 4

(21)

.

The sums in this expression can be converted into integrals with the substi-
tutions x = m/kab, dx = llkab. Also,

(1 - a/p)®™ 2 exp(-2md/b) = exp(~2mk,d/k,b. = exp(~2xk,1) (22)
m+i/(kb)2-m2 =
Y kl‘b =x+ 1Vl -»* (23)
[

(24)

2 2
m-Vm-(kb) ~-
4 'x_‘/”z__l
k&b

With these substitutions, (21) is approximated by:

>
1

i o -—
i+ 2kb [ (x+1V1 - x?')e"Ax dx + 2k,b [ (x - Vi? - 1)e"Ax dx
° ! (25)

where A = Zk‘,‘d. This expression can be rearranged as follows:

oo © 1
By w1+ 2kl.b[f xe®ax o f Vel c1e®ax+ 1] V1-x?e™® dx} (26)
0 1

(=]

The several integrals in (26) are evaluated in the Appendix. The final ex-

pression for A, is obtained with (A-17). It is

0

K. (&)  1in3_ (A} 3 5 7

2 A T 37 %3 Y1575 * w9a5s

where A = zkéd, with ¢ the distance from the axis of the #i..enna in air to
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the plane boundary between the air and the material half-space. Note that in
the limit b + «, the first term in (26), i, vanishes,.

The substitution of (5) and (27) into (4) gives

k = kzg 1+ wdD Thd T T a4k d

) [ ) K, (2k,d)  1n1,(2k,d)
7
| (2k,) 4 4

2k,d (2k4d)3 (2k4d)5 ) 172
-1 3+~ + et .- (28)

Thus, the complex wiave number kL for the antenna in air over a plane medium
with characteristic wave number kL depends only on the distance d from the
axis of the antenna to the plane boundary, the radius a of the antenna and
the wave numbers k, and k, = k, of the air. Note that if [2k,d| < 1, enly
two terms in the series in (28) are required. For example, when ka is real
and kad = 0.5, Kl(l) = 0,6019, 11(1) = (,5652 and

1/2
= + ___.2_.__. - + 1 - +

1/2

-k { 1 4 0:80 + 11.06 } (29)

2 tn(2d/a)

With the complex wave number kL determined, the characteristic impedance
is obtained from (3) with (9) and (28). Thus,

kLc k. g

2 -1 d 2 2d

= =% = = ==

zc 2wk2 cosh a 2nk2 tn a (30)

The distribution of current along the antenna is given by (2), the driving~
point admittance by (8), with kL and Zc defined in (28) and (30).

The effective line constants per unit length are readily evaluated since

2= 2‘ i
kL Y12 and Zc zL/)L. Thus,

iZﬁmEz
R R Mt T P AL TEY) (31

so that with bL = wey,
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270 21ne
2e 2e {32)

g " tn(2d/a) ’ €L ® In(2d/2)

vhere %e and €0 TE the real effective conductivity and permittivity of tie
insulating cylinder. Similarly,

ikLr
b2 24
T A R S "y 63
with (28) and kzcz = wy,
e i e i

zZ, =z + z, = -iwl” + z, (34)
with

e . .2

=gy g (35)

K. (2k,d)  inI,(2k,d) k,d (2k,d)3  (2x,d)°
zi--:lwu 1 __1 4 + 1'% _1(4+ 4 + 4 +
Pl ax, 02 2k,d 4k,d 3 5 1575
(36)

Thus, the antenna over a half-space characterized by ]kl.l >> ]kz! behaves
like a transmission line with the line constants given in (32), (35) and (36).
If the ohmic losses in the antenna are to be included, an additional imped-

ance per unit length, viz,,

zi = -—--———-—-iwul 1 (3N

i 27na

2
1 S =
must be added to 2 in (34) and included in k‘L . and Zc v’zL/yL. In
(37), "y and o, are the permeabiiity and conductivity of the metal forming

the antenna.

4. THE AXIAL ELECTRIC FIELD ON THE SURFACE OF THE HALF-SPACE

The transform of the axial component of the electric ficld at a radius
r from the axis of the insulating ra2gion 2 that contains the eccentrically

located antenna is [10]:

2

- K

- i1 |,2 2 2
E (r,8) = 5;55-2-[(1\2 - z7)a(r,6) + r;g A(t.e)] (38)
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where 6 13 the angle measured from the radius through the antenna where this

is closest to the boundary, I is the transform of the current, and

(1) - n (D)
4(r,0) = f%ijffﬁgz.+ 2 (.rt? ) 3%1)( Ab) cos mb (39)
Rl (k‘b) m=l\ b Hm+1(k4b)
1 (rxo)2 - 2b2rxO cos 6 + b4
U(r,8) = 5 | —5— 3 (40)
b (" -~ 2x0r cos 6 + xo)

At the boundary r = b and with (10), Xg b~-dasb + >, Hence,

2(b,6) = 0 (41)
(1) 108
H " " (k,b) © m H (k,b)
A(b,8) = __%.i.s_._{‘__.+ 2 (b ; d ) ‘:1) 4" cos mo (42)
Hl (k4b) =l Hm+1(k6b)
It follows that
= 2 twpl A(b,8)

4

which is independent of the transform variable 7, Hence, the inverse Fourier

transform with respect to z gives simply:

iwpl 4(t,8)
n

E,(b,0) = ot (44)

for the z-component of the electric field in terms of the current I.

The evaluation of A(b,e)/kkb can be carriaed out by the procedure used
for Aolkab. With the notation L = b8 (where L is the distance along the
boundary from © = 0 in directions at right angles to the antenna), b = k4L
and A = k4d {not 2k4d as in the evaluatior of Ao/k4b), the equation corre-
sponding to (25) is

1 ©
a(b,8) = 1 + 2&,};[[ (x+1V1 - x)e™ cos Bx dx + | (x - Val - e
0 1

x cos Bx dx} (45)
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(Note that this reduces to (25) when B = 0.) The evaluation of the square
bracket in (45) is cecried out in the Appendix, and given in its gemneral form
in {a-13). In the limic b + =, the first term in (45) vanishes. The final

result is
Lim A(b, 8) ) A(d,L) - A2 _ B2 ) Kl(A - 1B) + iIn .
paeo kab kab (A2 + 32)2 A -~ 1B 2(B + 1A)

D—m
. 2
x [E;(B + {A) + Y, (B + 1A) ~ ;]} (46)

where K1 is the modified Bessel function of the second kind and order one,

El is the Weber function of order one and Yl is the Bessel function of the
second kind and order one, These 2re defined in the Appendix. Accordingly,

with A = k,d, B = kL,

2 2 K, (A - 1B)
iwul A" - B 1 n

E (d,L) = { - - + iIm o-—— [E, (B + 1A)

z n _(Az N Bz)z A - iB 2(5 + iA) 1

+Y (B 4+ 1) -%1} (47)
At L = 0, (A-17) gives:
K. (A)  1inI, (A) - 3 5
E(d,O)-i“’"I‘—L- 1ol g ALA A (48)
z n hz A 24 3 45 1575

This is the axial field at the boundary surface aiong the normal projection

of the antenna as shown in Fig. 4.

Since these expressions are not particularly transparent, it is advan-

tageous to examine them ir. certain limiting cases. Consider first their

2

forms for large arguments, i.e., when |A2 4+ B°j >> 1, The applicable formula

is (A-19). Thus,

L)
E (4,1) = Lewl A28 1 ‘l " o~ (A-1B) ‘—1 + 3
» -
z " Vsl A-IBYZA-1B) L 8(A - 1B)
S 2+...]-—11m3:u[1+ -2
128(A - 1B) - (B + 1A)° (B + 1A)

(cont.)
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FIG. 4 HORIZONTAL CONDUCTOR (1) IN AIR (2) OVER
AMBIENT MEDIUM (4); E; AT BOUNDARY
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+ 43 6 - ;oo}} (69)
(B + 1A)

The field at L = 0 for |A| >> 1 is otcained with (A-20). It is

iqu 1 l/ -A 15 i 1 3
E(dﬂ) [14. +...J+_[1..__.....-.....]
z? % Y] A AZ Ah

128A
(50)

The condition [Az + le - lki(Lz + d2)| >> 1 can be satisfied in several ways.

When !kA[ is made very large - or infinite for a perfect conductor - the
field along the surface of the half-space is very small., Tor k& +> o,

E,(4,L) = 0 (51)

i g s it )
eREERSGT MR

as it should, When [Al = lkadl is very largi because [kal is large, as for a
good conductor, Ez(d,L) is very small. For 2 given, sufficlently large kad,
the electric field along the boundary decreases viith increasing B = k4L ac-
cording to (49). When 82 >> A2, the field is obtained with (A-21). It is

i T
prgn AR et

h

R U A e T :mmmmmmmmmmmwmmmmmmmmﬂmmmm

TR

= B

= B twpf ¥ 1 L 4 l/iw iB 34, _15

= E (d,L) & __PL_{__..._ [1 2222, ]} (52)
4 £ z " |2 B VZB 8B 12882

M

Thus; for large values of B = k,L, the field decays radially outward along

i,

The condition for small arguments Ik w?+ad )I = IA +B [ << 1 is
quite restrictive but not physically unavailable, Note that the conditions
[kal >> [k2[ and !k dl << 1 have been imposed from the outset. To require,
in addition, that | | << 1 implies that lk d| <<< 1, Specifically, if k,

appiies to lake vater with € = 81, it is given by k& & 9pfc = 3w x 10'8 m1i,

the boundary surface as ll(k L)

If tive antenna is located at a distance of d = 1 m from the surface of the
water, k d = 3w x 10~ 8
{k a| < u 1, w must not exceed about 3 x 10°, Note that kyd = wd/c < 0,01,
Similarly, for sea water with ¢ = 4 mho/m, k M (1wuo) 1/2 and lk4] -

4lor x 1002 Witha =1 m, Ikyd] = 4Com x 207322, This will satisty
the condition Ik d| < 0.1 1f w does not exceed about 2 x 103 At this fre-

quency k,d = 6. 67 x 1075, k,d = 0. 11774,

Subject to the condition lAz + Bzf << 1, an spproximate formula for

For this to be small compared with one, viz.,
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Ez(d,L) is obtained with (A~27)., 1t is

1muI 1

2 "
N e Y 4 3 + 1 3 (53)

WVE

E (d L) v =

It is interesting to compare this expression with the incident field gener-
ated by the current in the wire if this is treated as a line source, It is

X4, = 1ot 1V G, VIZ + 6 (54)
Sufficiently near the antenna where ki(Lz + dz) << 1, the small-argument form
of the Hankel function is a satisfactory approximation. This gives:

inc 1muI

I‘:r. 2

in -Y+i-;- (55)
2 2
L +d

The total field Ez(d,L) at the boundary as given in (53) can be ex-
pressed as the sum of the incident field plus the field scattered from the
matter-filled half-gpace. With (53) and (55) it is

wul [ k&

inc Sc s PAITR 2 1 1
(d,L) + sz T fn - Y+ 1is«tn + 3
k2 L™ +d

E (d,L) = E

2 k2

(56)
This formula indicates that at least within the range of the conditions
Ik 12 5> lkzlz and |k4d| << 1, the contribution of the currents and charges
in the matter-filled half-space to Ez(d,L) on its surface is the scattered
field

k
scat {wul 4 1
EZ '-—2—;[1!1-‘?2--'2] (57)

This field cannot be interpretted as being due to an image current in an
image antenna at a distance 2d from the antenna since it is independent of d.

6

For lake water with €. 28,d=1m w=3x10, kzd = 0.01, kad =

0.09, the ratio of the scattered to the incident field is:
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wl7-
E*(d,0) _ _ Inlk,/ky) - 0.5 v 0.35012:82  (_35.1162° (58)
Einc(d,O) !n(2/§éd) -~y + in/f2
The ratio of the total field to the incident field is:
scat .
iE(d.O) < E inc(dJQ) +1 = 0.6&!:[0.16 - 0.68e19 5 (59)
E (4,00  ET"C(d,0)
For sea water with o = 4 mho/m, d = 1 m, w =2 x 103, k2d = 6,67 x 10-6,
khd = 0.1eiﬂ/4, so that
scat °
E mc(d.o) - 0.75e13:09 L ¢, 7501177 (60)
ET(d,0)
and
L
_I‘%:(_é&)_ = 0.25¢0+16 & ¢ 2501° (61)
ET(d,0)

It is seen that the effect of the dielectric (lake water) like that of the
conductor (sea water) is to combine with the incideat field to produce a
total field at the boundary that is substantially smaller than the incident
field. With lake water, the incident and scattered fields differ in phase by
162°; with sea water the phase difference is about 177° for the particular
distance d and frequency.

5. THE GENERALIZED BEVERAGE ANTENNA; CONCLUSION

The well-known Beverage antenna [1]}-[4] consists of a wire up to several
wavelengths long that is stretched parallel to and an electrically short dis-
tance from the surface of the earth to which it is connected at both ends
through suitable resistive terminations. Such an arrangement to achieve a
traveling wave is possible only when the earth is sufficiently conducting to
rrovide an adequate ground connection. A more generally useful method of ob-
taining a traveling wave along a sufficiently long wire stretched parallel to
a material half-space of any wmaterial with properties that range from those
of a good dielectric (lake water) to those of a good conductor (sea water) is
to connect the resistive terminations in series with the wire at distances

near a2 quarter wavelength from the ends as in Fig, lc. An analysis of this
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generalized form of the BReverage antenna in the framework of the present

theory is reserved for another report,

In this report a new approach has been given for the traveling wave an~
tenna over an imperfectly conducting or dielectric half-space. The complex
wave number, the distribution of current, and the electric field tangent tn
the boundary have been determined. The problem of calculatinz the radiation
field of such an antenna with the known distribution of current can be accome

plished using well k~own methods.

1 i
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APPENDIX: EVALUATION OF INTEGRALS

The following integrals occur in (26) with B = 0 and A = 2k4d and in
{45) with B = k,I. and A = k,d:

4 4
: 1 7, ~Ax = 3 -Ax
E § I =~ ] (x+ 1¥1 « x7)e cos Bx dx + f {x - ‘/x - e cos Bx dx (A-1)
e 0 1

This expression can be rearranged as follows:

N e b e
APE Y S IR et

L) 1 [r— ©
1= [ xe AX o8 Bx &x+%—[f 1¥1 - %2 e~(A-1B)x 4 +f (sz -1 e (A= 1B)x dx]
0 0 1

i‘/l _ x2 e-(A+ iB)x dx

e e

]
i Sy §

‘Ixz -1 e (a-1B)x dx + -21-[

’f ‘/xZ -1 e-(A+ iB)x dx] (A-2)
1

o 030ty AN ) L o d O O
A R SR RS

Here the first integral is:

© 2 2
Il-]xe-Ax cos Bx dx = —2 -Bzz
0 (A" + BY)

ta-2

AR M e

N I SR R

= B With the substitution x = cosh 6, the fourth integral is evaluated as follo .

o o -
1, - { VERRPECICEE L L {) cinn? o o~(A-1B)cosh 8 4 _ f‘_l:A“ ni;B)

(A-4)
where -..'.l(z) is the modified Bessel function of the first order and second
kind. The remiining integrals are equivalent to

Al

LT L
Al o SR

e =
o 1 - 171
§ 13-%-[[1‘1-::2 e (A - 1B)x dx + [ Vx? - 1 e (A= 1B)x 4 -‘:[ 1¥1 - 22
g 0 1 J Lo
§;
:i‘:: © BE
£ x e-(AOiB)x dx + | 'xz -1 e-(A-iB)x dx (A-5)
1 i

where the esterisk denotes the complex conjugate of the expression in the

=2
=4
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brackets, Since the second square bracket in (A-5) is the complex conjugate

of the first, their difference is twice the imaginary part of the first.
Thzt is,

1 w
I, = ilm[f 1¥1 - x2 e~(A=1B)x 4 o f 'xz -1 e~ (A= 1B)x dx} (A-6)
0 1

This is an integral along the real axis from zero to infinity with an upward

deflection around the point x = 1 and the attached downward branch cut. The

path of integration can be rotated counterclockwise 90° to the y-axis with
the substitution x = iy, This leaves simply

1, = iln f 1V1+ g2 @1y 4o o i1 f cosh? g ¢~ (B¥ 1M)sinh 6 49 (4 7)
0

The last integral in (A~7) is readily identified as the sum of the following
integrals with suitable coefficient:

2 7 -~z sinh 6
Ey(2) + Y, (2) w-;(f)e z 8inh ¥ 43¢ (A-8)
Ez(z) +Y,(2) = ~ %-[ cosh 20 e~2 Sinh § 49 (A-9)
< 0

En(z) is the Weber function of order n {11, p. 35], [12], Y (2) is the Bessel
function of the second kind and order n.

With the well-known recurrance re-~
lations

Yo(z) + Yz(z) = %-Yl(z)

(A-10)
2 2
Bp() + Ey(2) = 2[5 () - ;,-] (A-11)
(A-7) becomes
- —r . 2 -
1, = iIn gt [zl(n +1A) 4+ Y (B 4 1) - ;] (A-12)

When (A-3), (A-4) and (A-12) are combined to give (A-2), this becomes
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1-11-124-13

2 2 KI(A - iB)

i R

A" =B L 2
Shion S iy w - B [ 1 [nE+wenosw -]
(A-13)
Special Case with B = O:
An important special case is when B = 0, In this case
K, (A) inl, (A) -
1 1 1 ir 2
I peiaa + —— - -Z-Ktnl(:m) - ;] (A-14)

where Il(A) is the modified Bessel function of the first kind and first order.
This follows with

Y, (14) 1, (A}
Im lm = Im;’i- [-Hl(_l)(iA) + Jl(iA)] = Im i—[-ﬂz- Kl(A) + iIl(A)] = lA (A-15)
and {11, p. 35]
2 4 6 8
2 2 z z 2
El(z) "'1';[1 —"3—4"4—5—-3‘?7‘5"0'*—'—-—99225 - ...:] (A-16)

Note that KI(A) is real. Since the modified Bessel functions of real argu-

mentg are available in Tables, a convenient form of (A-14) is:

K, (4)  inI,(A) 3 5 7
LN I OV NN

T~ "R o7 3t%5 1575 T oers t (A-17)

It is this form that is used to obtain (27) from (26).

Special Case for Large Arguments: A2 + 82 >> 1t

When the argument is large, the following series is useful [12]:

) 2 3, 45
Lk 4 z z

With (A-18) and the usual expressions for Bessel functions with large argu-
ment, it follows that

i %0t ey
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. M-8 ot ey 3 15
2 2,2 A -1B V2(A - iB) 8(A - 1B 2

(A" + B%) 128(A ~ 1iB)

1 1 3 45
-~ ilm =1 + - + - e (A-19)
B*i“[ B+ % @+ w)? B+ 14)° ]

When [A] >> 1, B = 0,

I.Lz-hg.r;e-ﬂ[“%-.l%h..]+.;.[1-_12.-%-... (A-20)
A 128A A A
On the other hand, 1f [B| >> 1 and |B| »>> lal,
1--3-1 £ 13[14-3;' -—-—-153+...] (a-21)
B 1288
Special Case for Small Arguments: IBZ + A2| << 1:
With small arguments [13])
z 2 1. 2z
Kl(z) ~ i‘ in —2' + ; + A (2y - 1) (A-22)
z 2 =z
T, (2) ~ 2(y 4 2n F)=F=F ees (A-23)
so that with (A-16)
" 2 1 2 1 1l z
T[ (z)+E(z)-;—]'\o-2—<y+2n§--2-)-z—z--3- (A-24)
The use of (A-21) (A-23) in (A-13) gives:
. 1 1, A- 1B 1 1 B+ 1A 1
Ih =y - 2"'2'[2“ 3 *Y"i]*m‘['z‘(**’“‘"'i“'i)
(A" + B9 (A - iB)
1 B
- 5 *3“] (A-25)
(B + 1a)

This reduces to:
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A

-23=

7. 2
1 A + B ( 1 _A
I‘b--i—in 5 \Y'- )"’i([‘ 3)

Here the ieading real and imaginary terms are

Im-{[m 2 -y+-1-+i-’1]

2 ‘/-—2———? 2 2

A"+ B

I

¢
rO4=
BN

(A-26)

(a-27)
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